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ABSTRACT
U tiliz in g  v e lo c ity  d is t r ib u t io n  formulae developed by C hristensen , 
a th e o r e t ic a l  method fo r  computing c r i t i c a l  t r a c t iv e  shear s tre s s e s  on a 
uniform , cohesion less b ed -m ate ria l under rough regime flow cond itions i s  
p resen ted .
A lab o ra to ry  f l a t  bed flume was constructed  and measurements wezrg 
made o f  the  c r i t i c a l  t r a c t iv e  shear s t r e s s e s  on bo th  a washed bank-run, 
q u artz  sand and on gypsum sand. These two ^rpes o f sand allowed a study 
to  be made o f  the  e f f e c ts  o f  d if fe r in g  sp e c if ic  g ra v i t ie s  on the  problem. 
The shear s t r e s s e s  were measured by the  P reston  technique and evaluated 
by means o f  c a l ib ra t io n  curves developed by Laursen and Hwang.
The th e o re tic a l  and experim ental r e s u l ts  were compared and found 
to  c o r re la te  q u a l i ta t iv e ly .
The experim ental r e s u l ts  were a lso  compared w ith  the  r e s u l ts  ob­
ta in ed  by S h io lds. White and Harp. A ll experim ental r e s u l t s  c o rre la te d  
favorab ly  i n  a q u a li ta t iv e  manner except fo r  S h ie ld s . No ju s t i f i c a t io n  
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TURBULENT FLOW TRACTIVE FORCES ON GRANULAR BED MATERIALS
CHAPTER I  
INTRODUCTION
Statem ent o f  the  Problem 
Sediment) and the  fo rces  ac ting  on sedim ent, a re  two o f the most 
im portant problems an engineer must solve îdien he designs any works in ­
volving c le a r  o r tu rb id  w aters on th e  e a rth s  su rface .
The foz*ces ac tin g  on sediment can be thought o f  as two d i s t in c t  
ty p es: One i s  an e ro siv e  fo rce  th a t  a c ts  on sediment by l i f t i n g  o r mov­
ing  i t  in  a g en era lly  downstream d ire c tio n . This ac tio n  i s  commonly c a l l ­
ed scour. The o ther c la s s  can be thought o f as a negative fo rce  causing 
negative scour or d e p o s itio n . When d eposition  occurs, sediment i s  w ith­
drawn from suspension o r i t s  downstream movement ceases and the  sediment 
comes to  r e s t  on the  channel bottom.
Various phases o f  the sediment problem occur idien an engineer de­
signs such works as drainage or i r r ig a t io n  channels, the  improvement o f 
ex is tin g  waterways o r  engages i n  the  planning o f  re se rv o irs  and the  im­
provement o f h a ib o rs . The problem i s  c o n s tan tly  being confronted in  the  
co n tro l of s o i l  e rosion  on conservation  w atersheds.
When the  g enera l downstream movement o f sediment occu rs, engin e e rs  
speak of this.movement i n  terms o f tra n sp o rt  le a d s . T ransport loads occur 
in  any combination o f  the  b a sic  types o f  lo ad in g s . These are  p rim arily :
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The bed lead and the suspended load. The bed load co n sists  o f the coarse 
m aterial moving on or near the bed,_ I t  i s  subdivided in to  the contact 
load) which i s  that m aterial ro lled  or s l id  along the bed in  su b stan tia lly  
continuous contact w ith the bed; and the sa lta tio n  load, lA ich i s  the mate­
r ia l  bouncing along the bed, or moved, d ir e c tly  or in d ir ec tly  , by impact 
o f the bouncing p a r tic le s . The suspended load i s  the m aterial moving in  
suspension in  a f lu id , being kept up by the upward components o f  the tur­
bulent currents or by c o llo id a l suspension. A load term which i s  frequent­
ly  used i s  the wash load. The wash load i s  defined as that part o f  the 
sediment load o f a stream idiich i s  composed o f  p a r tic le  s iz e s  smaller than 
those found in  appreciable quantities in  the sh iftin g  portions o f the 
stream bed.
In th is  study, in te r e s t  i s  centered on the problem at the in sta n t  
in  time ju st before any o f the grains ph ysica lly  move in  what ever type 
loading w i l l  u ltim ately  occur. Experimentally, the tractive  shear stress  
causing in c ip ien t movement w il l  be measured by the Preston shear technique.
A th eoretica l analysis o f the same problem w il l  be made and the r e su lts  com­
pared. A unique feature o f both the' experimental and th eoretica l analysis  
i s  that no use i s  made o f the slope o f  the energy grade l in e  in  the problem. 
Instead, the Newtonian drag force concept i s  u t i l iz e d , and forces acting at  
a point are evaluated.
For centuries engineers have recognized th is  problem and have ex­
pended considerable time and thought to i t s  so lu tion . A b r ie f  h is to r ic a l  
evolution o f the an a ly tica l and experimental work that has been done in  
th is  f ie ld  w il l  be given here. The reader idio would lik e  to further ex-
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p lo ro  th i s  development i s  in v ite d  to read  th e  work o f S, L eliavsky (1 .1 )-  
p a re n th e tic a l numbers r e f e r  to  the  b ib liog raphy .
Most in v e s tig a to rs  d ire c te d  t h e i r  e f f o r t s  towards one o f  two ap­
proaches to  th e  problem. These were the  c r i t i c a l  v e lo c ity  approach or 
the  c r i t i c a l  shear approach.
The c r i t i c a l  v e lo c ity  may be defined  as th a t  v e lo c ity  near the 
channel bed above which some bottom sediment w i l l  e x h ib it  i n s t a b i l i t y  and 
movement.
In  1753» th e  f i r s t  published a n a ly s is  o f t h i s  l in e  o f  th ink ing  was 
made by A. Brahms. He coined the  term " c r i t i c a l  v e lo c ity "  and expressed 
i t  m athem atically  as
‘/6= co n st. Wc r
where i s  the  c r i t i c a l  v e lo c ity  and W i s  the  submerged w eight o f the  
p a r t i c le .
In  1834, t h i s  same formula was d sriv ed  independently  by W, A iry. 
These d e riv a tio n s  are  now commonly c a lle d  the  Brahms-Airy Law.
In  1930» a s im ila r  law was proposed by G. Lacy (1 .2 ) .
Mary em p irica l ta b le s  have been developed by eng ineers , e .g . ,  L. G. 
DuBuat (1 . 3 )» lA ich  give the  magnitude o f  bed pick-up v e lo c ity  as a func­
t io n  o f the  s iz e  and shape o f the  g ra in s  being acted  upon.
Another c r i t i c a l  v e lo c ity  approach was made by analyzing th e  c r i t ­
i c a l  v e lo c ity  i n  terms o f  the  mean v e lo c ity  o f  the  channel c ro s s -s e c tio n .
Probably th e  b e s t  known and most o fte n  misused r e s u l ts  were those 
p resen ted  by R, G, Kennedy in  1895* Kennedy based h is  ücnglusiens on stud­
i e s  made o f la rg e  i r r ig a t io n  works in  In d ia . His re la tio n s h ip  was th a t
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where i s  the  mean v e lo c ity  of th e  c ro ss -se c tio n  when movement s t a r t s ;
ho i s  the  w ater depth and c, and c^are em pirica l co n stan ts  which are func­
tio n s  o f  th e  bed m ateria l*  Based on h is  observations i n  In d ia , Kennedy 
proposed c^ = 0 .64  and c, = 0,82 fo r  l i g h t  sandy m a te r ia l and c, = 1.07 
fo r  coarse  sandy m a te ria l. Since th a t  tim e, o th er .observers have attem pts 
ed to  re f in e  th e  vaines fo r  c, and c^.
As a r e s u l t  o f  Kennedy’s and o th e r  in v e s tig a to rs ’ work done mainly 
i n  In d ia , the  Regime Theory fo r  s i l t y  and s ta b le  channels was developed.
This theory  i s  alm ost e zc ln s iv e ly  em p irica l in  n a tu re . S ir  Claude In g H s 
compiled a complete resume o f  th is  work (1 ,4 ) .
I t  was f i n a l ly  re a liz e d  by mazy engineers th a t  the  c r i t i c a l  veloc­
i t y  approach l e f t  much to  be d e s ired . F in a lly  i n  th e  1930’s , in v e s tig a to rs
in  the  United S ta te s  and i n  Europe s ta r te d  studying th e  problem using  the 
c r i t i c a l  shear s t r e s s  approach. Most in v e s tig a to rs  f e l t  th a t  th e  c r i t i c a l  
shear s t r e s s  was a function  o f  the  g ra in  s iz e . Many in v e s tig a tio n s  were 
undertaken to  study these  re la t io n s h ip s .  L. G. Straub (1 .5 ) summarized 
these  r e s u l ts  and published ta b le s  o f th ese  jre la tio n sb ip s . These ta b le s  
are  s t i l l  w idely used by designers today , E. W, Lane (1 .6 ) a lso  gave a sur­
vey o f  the  em p irica l values o f  the  c r i t i c a l  shear s t r e s s .
Several m ild ly  c o n flic tin g  d e f in i t io n s  o f the  c r i t i c a l  shefiur s tre s s
have been p re se n te t by d i f f e r e n t  in v e s tig a to r s . A s im p lified  d e f in i t io n  o f 
the  c r i t i c a l  shear s tr e s s  would be the  temporal s p a t ia l  average in te n s i ty  
o f shear when the  more exposed p a r t ic le s  are moved by the  f lu id  fo rce s  a t
In  1936 , A. Shields (1 .7 ) published the r e s u l ts  o f  h is  work. He 
assumed th a t  the  problem had no a n a ly tic a l  so lu tio n . Therefore he made
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c e r ta in  g ross assumptions and then su b s ta n tia ted  them o r m odified them in  
accordance w ith  h is  experim ental r e s u l t s .  These assumptions were based on 
the  P ra n d tl-Karman v e lo c ity  d is t r ib u t io n  law and the Newtonian drag con­
c e p t. S h ie lds p resen ted  no form al a n a ly tic a l  expression describ ing  h is  
work. His re la tio n sh ip s  can only be expressed as fu n c tio n a l n o ta tio n s  w ith 
the form . / c /  \
The re s ta it  o f th i s  work i s  the  famous "Shields» diagram" ag a in s t which a l l  
futtore work was compared as the  standard . Shields* diagram i s  presented 
i n  Chapter IV o f th i s  re p o r t .
C. M. W hite, i n  1940, (1 .8 ) sought to  determine the  fa c to rs  which 
govern in c ip ie n t  motion by equating the  moments which tend  to  move the 
g ra ins to  those which r e s i s t  the  m otion. White expressed h is  r e s u l ts  in  
the form
M K d  ^  Y ^
White’s r e s u l ts  a re  p resented  g rap h ic a lly  i n  Chapter IV.
The terms appearing in  bo th  S h ie ld s ' and W hite’s equations are ex­
p lained  in  d e ta i l  i n  Chapter IV -  A nalysis o f R esu lts .
In  1961 , C hristensen  (1 .9 ) made an exhaustive a n a ly tic a l  study o f 
most o f the  p e r t in e n t  re la tio n sh ip s  involved in  both  s o i l  and f lu id  mech­
an ic s . He is o la te d  many im portant re la tio n sh ip s  and demonstrated th a t  
c e r ta in  w e ll-e s ta b lish e d  re la tio n sh ip s  were no t v a l i t .  lie proposed count­
e r - re la t io n s h ip s  to  rep lace  them. Several o f these  fin d in g s  w i l l  be re ­
fe rre d  to  l a t e r  in  th e  chapter dealing  w ith  theory ,
A major breakthrough in  the  problem occurred in  1954. P reston  
(1 . 10) u t i l i z e d  the simple technique o f measuring lo c a l  su rfa c e -re s is ta n c e
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by means o f a p i  t o t  tube re s t in g  on the boundary o f a smooth su rface .
He u t i l i z e d  the p ressu re  drop in  a tube (th e  P reston  tube) to  c a l ib ra te  
h is  in strum en t. P reston  obtained equations r e la t in g  the  in te n s i ty  o f 
shear to  the  p i to t  tube reading fo r  the cases o f the  lam inar sub layer en­
veloping the  tube and fo r  the  tube in  the  tu rb u le n t boundary la y e r  on the
smooth su rface .
In  1955» Hsu (1.11) extended the P reston  shear method to  cases
where an adverse p ressure  g rad ien t e x is te d .
In  1962 , Laursen and Hwang (1 .12) extended the method to  include
rough boundaries.
These two s tu d ies  (Hsu and Laursen and Hwang) completed th e  break­
through s ta r te d  by P reston . They e s tab lish ed  the  groundwork which would 
allow  fu tu re  in v e s tig a to rs  to  explore the  many fa c e ts  o f the  t o t a l  problem.
As an example, i n  19&3, Harp (1 .13) r e la te d  the  average boundary 
shear to  the  in c ip ie n t  movement o f sand p a r t ic le s  on channel bottom s fo r
both lam inar and tu rb u le n t flow  by use o f the  P reston  shear technique.
Proposed Work of This P ro je c t
Borrowing the  lab o ra to ry  techniques developed by Harp and o th e rs , 
i n  the  p resen t study, the  follow ing o b jec tiv e s  w i l l  be e s ta b lish e d :
1) U tiliz in g  improvements i n  v e lo c ity  d is t r ib u t io n  laws 
prev iously  c i te d ,  an o r ig in a l  th e o re tic a l  an a ly sis  o f 
the  problem w i l l  be p resen ted .
2) T ests w il l  be conducted in  lA ich the  P reston  shear tech­
nique w il l  be u t i l i z e d  to  measure c r i t i c a l  shear s tre s se s  
w ith  v a ria b le s  as fol?-'''^’s :
(a) Various g rada tions o f cohesion less m a te ria l w i l l
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be used.
(b) m a te ria ls  o f d if f e r e n t  sp e c if ic  g ra v i t ie s  w i l l  
be used .
3) T heore tica l and experim ental r e s u l ts  w i l l  be compared.
4) Experimental r e s u l ts  w i l l  be compared w ith  th e  S h ie ld s ' 
" c la s s ic "  diagram.
5) Conclusions w i l l  be drawn and recommendations w i l l  be 
p resen ted  fo r  a d d itio n a l work th a t  needs to  be done on 
o th er aspects o f  th i s  im portant problem.
CHAPTER I I  
THEORETICAL ANALYSIS OF THE PROBLEM
Component P a r t s  o f  th e  Problem
Several in v e s tig a to rs  have attem pted to  develop a re la tio n sh ip  
between c r i t i c a l  t r a c t iv e  shear s t r e s s  and v e lo c ity  param eters over a 
r a th e r  wide range o f Reynolds numbers. In  order to  do t h i s ,  they  have 
a l l  agreed th a t  i t  was necessary  to  d iv ide  the problem in to  th ree  d is ­
t i n c t  ranges,
1 . A smooth range in  which the  s o i l  p a r t ic le s  were com pletely 
submerged w ith in  the  lam inar su b -lay er, and, fo r  a l l  p ra c t i­
c a l  purposes, the  boundary was smooth, [ d  }
2. A t r a n s i t io n  range in  which the  p a r t ic le s  protruded from or 
in fluenced  the su rface  o f the  lam inar su b -lay er, thereby 
cheating  ?, semi-rough boundary, ( d  ^  ^ )
3. A rough range i n  -sdiich the  lam inar sub -layer was extrem ely 
th in  o r disappeared a lto g e th e r  and a com pletely rough bound­
ary was e s ta b lish e d . (  cl  ̂^ ^ ^
V e lo c ity  D is t r ib u t io n  Laws
T ra d itio n a lly , in v e s tig a to rs  used the Karman-P ran d tl in n e r  law 
to  describe  the  v e lo c ity -sh e a r s t r e s s  re la tio n sh ip  fo r  the above th ree  
c a se s . The Karman-P ran d tl in n e r  law s ta te s  th a t
8
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whore the terms are described  follow ing Eqn. 2 ,2  below. Almost a l l  in ­
v e s tig a to rs  conceded th a t  e i th e r  o f the  two laws had serious shortcomings 
near the  tru e  boundary where the v e lo c ity  had to  be zero ,
C hristensen (op, c i t . )  analyzed these law s, determined why and how
they f a i le d  and presented new laws to  rep lace  them, C hristensen=s new laws
were v a lid  over the e n tir e  range o f u se , worked a t  the  tru e  boundary and 
were simple enough th a t  they  could be used w ith ease .
I t  i s  f e l t  th a t  fo r  alm ost every conceivable c r i t i c a l  t r a c tiv e
shear s tr e s s  problem w ith  triiich the  p ra c tic in g  c iv i l  engineer w i l l  be con­
fro n te d , flow w i l l  e x is t  i n  the  rough flow range-in  open channel flow type 
problem s. Thus i t  was decided to  p resen t a th e o re tic a l  an a ly sis  o f only 
t h a t  p o rtio n  o f the e n tire  problem. For the  in te re s te d  reader who would 
l ik e  to  pursue th is  l in e  o f a n a ly s is  fo r  the  o ther two case s , i t  i t  rec - 
•mmended th a t  the approach p resen ted  below be used.. I t  i s  only necessary 
to  su b s ti tu te  the  appropria te  v e lo c ity  d is t r ib u t io n  c r i t e r i a .
For the readers additional information, Christenson’ s v e lo c ity  d is­
tr ib ution  relationsh ip  i s :
Staooth and t r a n s i t io n a l  range
=/S, ̂ 2.sJ„£y-(/2,-0.zOl (Eqn. 2 .1 )
and fo r  the rough range,
S. 4  <S+• 2 . O. 0 3 3  5  (Eqn, 2 ,2 )




Therefore in  the  rough range (our area o f i n t e r e s t ) ,
—  8■ ‘̂ 8, + Z. S ^ ^ — h O. o  3 3 S )  ■
Equations o f  Equilibrium  when Motion Impends 
To understand and analyze the concept o f the  c r i t i c a l  t r a c t iv e  
shear s t r e s s  i t  i s  necessary  to  consider the  free-body o f  a s in g le  exposed 
p a r t i c le  ju s t  as in c ip ie n t  n o tio n  isp sn d s . In  F ig . 1 i s  shosn such a fre e  
body -with a l l  fo rces  ac ting  on i t .
We may now w rite  the  th ree  equations o f equ ilib rium  fo r  th is  body. 
These are?
. ZFx = 0 =  Z ^ A s - t - ^ ~ ~ f ^  s  / n G.
(Eqn. 2 .3 )
£ F r - -  F2^ F-q  ̂ Si cos e - 'W .  (gqn. 2 .4 )
- O As — ( v y - ^  Fd ^ o  • (Eqn. 2 .5 )
Where
^  = shear s tr e s s
= drag fo rce
^  = normal fo rce
/x  = aerodynamic l i f t  fo rce
Fq -  buoyant fo rce
V \/ = p a r t ic le  w eight
-A = area  on which a s t r e s s  ac ts  
0
= moment arms fo r  the  resp ec tiv e  xorces 
S  = the  angle the  normal fo rce  makes w ith  the  v e r t ic a l .
Mating the normal fo rce  and the aerodynamic l i f t  fo rc e , we have
%  + = * '^ ^ 1  — -
C o r  e  j  A s  J a  C o f Q  J
(Eqn. 2 .6 )
11
r l 0  l FREE80DY OF TYPICAL SAND GRAIN
A a  é  “ (Y —K)*
Fl@ 2  TYPICAL PARTICLE (EXPOSED AND
GREATLY EXAGGERATED 
IN S IZ E )
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E valuating ,3 y
W - < = < J  ^  one/  F ~ s= '= < 0  ^
and
A / = 5 0 /
2
where o( ando^ are shape fa c to rs  which w i l l  be d iscussed  l a t e r  and ^  and 2G 
are  the  u n i t  w eights o f  water and cohesion less bed m a te ria ls  re sp e c tiv e ly . 
We may re w rite  Eqn, 2 ,6  in  the  follow ing form:




The c la s s ic a l  evaluation  o f has been
FI  A  P  y l v i r ^  (Eqn, 2 .7 )
lAiere C ^ is  the  drag c o e f f ic ie n t  and
Ranembering th a t
—  = 5 - 4 5  +  2. S-J^r> 0-33
(Eqn. 2 ,8 )
we may w rite
(Bqn. 2 .9 )  
A
R eferring  to  F ig , 2 we may rew rite  Eqn, 2 ,9  a f te r  no ting  th a t
A-p ®< c /’




In ( - ^  + O . 0  3 3 a ^ \j(& z )  -
| Î / é - 3 ^ + ^  + ^ - 0 3  3 5 - ^ ^  S'//» ô j c o s ^ e  c/<
4c<
(Bqn. 2.10)
Then l e t t in g
A ' %  + 0 . 0 3 3 S  and B - ^  , ve have
%
\^ - C o s ^ e  d &  -f. ' ^ ' ^ . In ( A i - B s / o Q j c a ^ e c J e  .
°< < %  J .%
(Bqn. 2.11)
Now,
4 .2 4 2 A  I c o s ^ ô  c/© = 2 . / Z  ,
<=< _/-7% C<
I t  i s  now n ^ e s s a ry  to  in te g ra te ,  a f te r  changing in te g ra tio n  l im i ts ,  
g I ̂  5  S  / n & ̂  C o s ^  Q d  & =r ■f' C^)  .
L et us rew rite  i n  th e  form
JV  ,1
K j [ u  A  -h I n ( /  5 - / / 1
Recognizing th a t  the  M aclaurin expansion fo r
(Eqn. 2.12)
In 0  + x )  =r X -  +  - - -  y
we may expand our in te g r a l  as fo llow s:
f  (&•) = Kj]%/4 ( c o s ^ e ) J @  + ® -  6f-j




K I n A j C o s & d Q ^ K T T / n A  = '
(Bqn. 2.13A)
Now the odd powers o f s in  0 vanish  and the  even powers can be in te ­
g ra ted  through th e  r e la t io n  between the  gamma and trigonom etric  functions 
(see any good textbook in  Advanced C alculus) as fo llow s:
j ;  ^  .
u t i l i z in g  th is  re la tio n s h ip , and in te g ra tin g  term by term , we have fo r  our 
in te g r a l ,  .6 g .
c o . ' s  ® = = "  e + — J = / e
■ 4
The gamma function  can be evaluated  by the  re la tio n sh ip  
r  ( 5 +  I ) =5/15) and 
P ( l )  =/  a n d r (-§-) = ) / f r -
Recombining the  separa te  p a r ts  o f Eqn. 2 .1 1 , we have, u t i l i z in g  Eqn. 2 . 13,
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Rsmeaberizig th a t  A =4 +  0,0338 andB = ,;T7-» we then haveKi c Ks
r  /  g/z Ks___________________________________ I /  c //Z  K a
A//(g + ^ , 0 3 3 8 / z t  A/A3 4 - 0 . 0 3 3 Q / 9 2  (A/K-3 + 0 . 0 3 : 7 8
And f in a l ly  we may w rite
:T77- ' t / I
, z 8 = < /
X Ijzk +0.0 338 Ks) ■'■ 2  ( l / i  +o^0338Ks)''' T l  (zl.,+ 0 . 0 3 3 3  K j ) * "  )]'
(Bqn. 2.14)
Since 2h = 0.0338kg w i l l  always be la rg e r  than d , the  s e r ie s  expansion
converges q u ite  ra p id ly . A proof o f th is  convergence i s  p resen ted  in  the
Appendix and a method i s  a lso  given fo r  evaluating  the  e rro r  term c rea ted
when the s e r ie s  p o rtio n  o f Bqn. 2.14 i s  term inated .
R e tu rrirg  to  Bqn. 2,7» we may w rite  .
^ J ^ I n ( - ^ ^  + C . 0 3 3 s )
/ 5 V 7 3 ^ ) r /________ d  k  _J_/________ d
” 1 / 2 8 « < / / . V 2 . A t O - 0  3 3 S K j y  2  ( 2  A  +  o .  033<3 KsJ
^ (Eqn. 2.15)
F inally» we may re tu rn  to  Eqn. 2.6A and w rite  our general equation  
fo r  the t r a c t iv e  shear s tr e s s  when motion impends as follow s *
y  Cs,APtS.^++l  ,
2.-=<3 d  ^-5
and u t i l i z in g  Eqn, 2,15» we have .
~  , Coet3, ffZ-l i  TTXPs STTZns fJ i + o . 0 3 o a )
 ̂ 2. CL \ Ks /
'^ T i(zk  + O .0 3 3 a  K s ) '^ ~ " ]}  (Eqn. 2.16)
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I t  i s  adm itted th a t  Sqn* 2«16 appears to  be q u ite  form idable. 
However, since  th i s  i s  the  chap ter d ea ling  w ith  th eo ry , the  au thor chose 
to  leave  the  so lu tio n  to  th e  t r a c t iv e  shear s t r e s s  i n  i t s  most genera l 
form. In  Chapter IV -  The A nalysis o f R esu lts  -  we s h a l l  see th a t  Eqn. 
2.16 w i l l  reduce to  a workable e^qpression th a t  can be handled w ith  ease 
fo r  the  e v a lu a tio n  o f t r a c t iv e  shear s t r e s s e s .
CHAPTER H I  
" ^ T  PRCXÏSDÜBS
Plan of ExperiBients 
I t  was o r ig in a lly  planned to  use  e s s e n t ia l ly  the  same t e s t  pro­
cedure as was used by Laursen and Hwang (op. c i t . )  and by Harp (op . c i t . )  
except th a t  the  P reston  c a l ib ra t io n  procedure would be e lim inated  from 
the  p rocess. I t  i s  f e l t  th a t  th is  s im p lif ic a tio n  was j u s t i f i e d ,  s in ce , 
i n  bo th  t e s t s ,  i t  had been adequately dem onstrated th a t  P reston ’ s pres­
su re- shear s t r e s s  re la tio n sh ip  magnitudes had remained v a lid  through the  
e n t i r e  range from lam inar through the  rough range o f  flow .
D escrip tion  o f  Equipment 
The system was composed o f a sump, pumps, p ip ing  and a flume w ith 
varying c ro s s -s e c tio n  and a d ischarge system which re tu rned  the  flow to 
the  sump so th a t  the  system was s e l f  con ta ined . In strum en tation  included 
a p i to t  tube , p ressu re  co n v erte r, p ressu re  tran sd u ce r, e le c tro n ic  preampli­
f i e r ,  galvanometer and reco rder u n i t .
The sump i s  30 f e e t  long , 15 f e e t  wide and 7^ f e e t  deep. I t  i s  
concrete  lin e d  and covered so th a t  the  w ater regained  c lean  dtiring the en­
t i r e  t e s t  p e rio d .
A W orthington c e n tr ifu g a l pump d riven  by a v a ria b le  speed General 
E le c tr ic  motor was used .
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The flow ra te  was metered by a 1.6^4 inch  bo re , f l a t  o r i f ic e  p la te  
and w ater and mercury manometers « The p ip ing  was 2 inch  I ,D . s te e l  p ipe .
The o r i f ic e  p la te  was c a lib ra te d  by using a weigh tank and stop 
watch. C a lib ra tio n  curves f o r  bo th  the  w ater and mercury manometers are  
included in  th i s  re p o rt as F ig , 10 and F ig , 11 in  the  Appendix,
Water was adm itted to  the  flume through a v e r t i c a l  down-plpe r e s t ­
ing  on the  bottom o f th e  flume. Turbulence and shock were minimized by 
d r i l l in g  numerous holes in  the  down-pipe so th a t  w ater en tered  the  fo re­
bay r a d ia l ly  over a 3^0® arc and through the  complete depth o f the flume. 
In  ad d itio n , I 50 copper tubes fo u r inches long and -f- inch  i n  diam eter 
were stacked in  the  flume to  fu r th e r  reduce turbulence and to  d i r e c t  the 
flow. The turbulence reduction  scheme proved q u ite  e f f e c t iv e .  There was 
almost no su rface  waviness and buoyant m a te ria l adm itted to  t e s t  fo r  to ta l  
turbulence t a s  found to  tra v e rse  the  e n t i r e  flume len g th  i n  v i r tu a l ly  a 
s t r a ig h t  l in e .
The flume i t s e l f  was constructed  of $  inch p le x ig la s s . I t  was 
n ine f e e t  long and 18 inches h igh . The forebay was one fo o t wide and th ree  
f e e t  long . The working sec tio n  was s ix  f e e t  long . I t  tapered  in  width 
from one fo o t j u s t  downstream from the  forebay, to  if- inches in  width a t  
the  d ischarge end, A schematic view of the  flume w ith  lead in g  dimensions 
i s  shown as P ig . 3 of th i s  re p o r t ,  and pho tographically  as F ig , 4 . The 
d ischarge was received in  a c y lin d r ic a l  rec ep ta c le  and was re tu rned  to  the 
su i^ .
As o r ig in a lly  planned, the p i  t o t  tube was made o f  two long v e te r i ­







Pig. 4-. The E3q>erijBental Channel
Pig . 5» The Pressure Converter
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ou tsid e  diam eter of 0.035 in ch . The p i t o t  tab es  le d  to  a pressu re  convert­
e r  by 1/8 inch  tygon tu b in g .
Both Laursen and Hwang and Harp had f e l t  th a t  since  p ressure  tra n s ­
ducers were se n s itiv e  to  a i r  p ressu re  d if fe re n c e s  and since  they were 
measuring w ater p ressu re  d if fe re n c e s , th a t  i t  was necessary  to  include  in  
the  ^ s to m  a method o f converting  w ater p ressu re  to  a i r  p ressu re . They 
bo th  accomplished th i s  by co n stru c tin g  two p la s t i c  c y lin d e rs  which were 
valved and in te rconnec ted  i n  such a manner t h a t  each tube could be vented 
to  .the  atmosphere and bo th  tabes could be ad ju sted  to  th e  same in te r n a l  
p re ssu re . This same scheme was adopted fo r  t h i s  p ro je c t ,  k photograph 
o f th i s  p ressu re  co n v erte r i s  shown as F ig , 5 o f th i s  re p o r t .
The p ressure  d i f f e r e n t i a l  was measured by a Statham tem perature 
compensated p ressu re  tran sducer w ith  a p ressu re  range o f + 1 psid  and 
compensated tœ nperature in te r v a l  o f -65°F to  + 250°F, The m anufacturers 
c a l ib ra t io n  fa c to r  o f 2668 m icrovo lts (open c i r c u i t )  pe r v o l t  per p s i  was 
used i n  performing a l l  t e s t s .
The transducer ou tpu t s ig n a l was rece ived  by a Saiibom C a rrie r  Pre­
am p lifie r  model 350-11003 which fed  th i s  s ig n a l to  a Sanborn two-channel 
record ing  system, model 296, and sim ultaneously  to  a Sanbcm model 760-20 
galvanom eter. I t  was found th a t  the  galvanometer was much more convenient 
to  use during t e s t s  than  was the  reco rd er. The p rea m p lifie r  and galvano­
m eter a re  shown as F ig , 6 o f th i s  re p o r t .
I t  should be mentioned in  passing th a t  a micromanometer could have 
been used to  measure th e  p ressu re  d i f f e r e n t i a l .  However, th is  id ea  was 
n o t se r io u s ly  pursued s ince  th e  fa c to ry -c a lib ra te d  p ressu re  tran sd u ce r.
22
p ream p lifie r rm it and. galvanometer had ju s t  re c e n tly  been purchased and 
were av a ilab le  f o r  use on th is  p ro je c t.
Cohesionless M aterial C h a ra c te r is tic s
At the  o u tse t  o f th i s  p ro je c t i t  was decided to  in v e s tig a te  the 
behavior of cohesion less m a te ria ls  of d if f e r e n t  sp e c if ic  g ra v i t ie s  and o f  
d i f f e r e n t  g ra in -s iz e s .
The m a te r ia ls  se lec ted  fo r  use were a bank-run, washed quartz  
course sand and g rave l obtained lo c a lly  and course gypsum sand obtained 
from the  White Sands N ational Moncment, New Mexico.
The course sands and g ravel were oven d ried  and sieved mechani­
c a l ly  i n  a gyrato ry  shaker. The s ize  increm ents were chosen a r b i t r a r i l y  
as passing No. 3/8 and re ta in e d  on No. 4 . Passing No. 4 and re ta in e d  on 
No. 10. Passing No. 10 and re ta in e d  on No. 20. Passing No. 20 and re ­
ta in ed  on No. 40. Sieve s iz e s  are  fo r  Ü. S. Standard sieves w ith  square 
mesh openings.
I t  i s  f e l t  th a t  these  a rb i tra ry  g rada tions a re  lo g ic a l .  M aterial 
la rg e r  than No. 3/S would req u ire  d ischarges beyond lab o ra to ry  capab il­
i t i e s ,  and s iz e s  sm aller than  No. 40 were so sm all t h a t  i t  was d i f f i c u l t  
to  d e te c t the  p o in t where g ra in  movement began.
A fter the  sand and g ravel had been graded, re p re se n ta tiv e  samples 
were withdrawn from each f ra c t io n  and the  standard  (A5TM D 854) s o i l  
mechanics la b o ra to iy  sp e c if ic  g rav ity  t e s t  was performed on each f ra c t io n .
O rig in a lly , a p o rtio n  of each g rain -rf.ze  was dyed w ith vegetab le  
dye. I t  was planned to  use the  dyed g ra in s  as the topmost la y e r  fo r  each 
run , so th a t  i t  would be e a s ie r  to  d e te c t th e  zones of g ra in  movement.
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A fter se v e ra l runs i t  became ev iden t th a t  th i s  was an tm necessaiy s te p .
By c a re fu l o b se rva tion , i t  was p o ss ib le  to  d e te c t  the  p laces o f movement 
w ith  l i t t l e  or no d i f f ic u l ty .  As a consequence, the  colored sand was no t 
used on most o f the  ru n s .
C hristensen  (op. c i t . )  has shown a n a ly tic a lly  th a t  fo r  uniform 
sand, the  most probable average s iz e  i s  the  s iz e . This would n o t be 
tru e  fo r  w ell-graded  s o i l  where the r e la t io n
Would have to  apply. However, fo r  uniform s o i l ,  i t  can be seen th a t  the 
a rith m atic  and geom etric averages are  about equal. That i s ,  the  mean o f 
the  TwavimuTii and Tnirdrnnm siz e  may be used as th e  re p re se n ta tiv e  s iz e  o f the 
f r a c t io n .
In  Table I  are  given the  p e r t in e n t  c h a ra c te r is t ic s  o f the  m ate ria ls  
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There was no f ra c tio n  o f the  gypsum sand la rg e r  than  the  No. 10 
sieve s iz e .
A la y e r  o f number 10 quarcz sand was glued to  the  flume bottom as 
a permanent la y e r .  This was done to  provide s u f f ic ie n t  roughness to  pre­
ven t th e  sand bed as a whole from downstream under the  a c tio n  o f
the  w ater.
A fter IS t e s t s  had been run under th e  above described  scheme, i t  
was decided th a t  the  system was n o t function ing  p ro p erly . T esting was 
suspended and the components of th e  system were analyzed to  t r y  to  d e te c t 
what was wrong. The follow ing conclusions were reached:
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a) The p i to t  tube openings were too sm all. C a p illa ry  ten sio n  
produced by the  very  sm all diam eter tubes produced fo rces  which overpower­
ed the very  sm all p ressu re  d iffe re n c e s  being measured,
b) The time de lay  while the  p ressu re  converter was re a c tin g  was 
unacceptab le , and the  r e l i a b i l i i y  o f th e  p ressu re  conversion from w ater 
p ressu re  to  a i r  p ressu re  was very  q u estio n ab le .
I t  was decided to  make another p i  t o t  tube w ith  s u f f ic ie n t ly  la rg e  
bore th a t  c a p i l la ry  ten s io n  fo rces  would no t be e s ta b lish e d . This was 
done. The new p i t o t  tube was co n stru c ted  o f  s ta in le s s  s t e e l  tub ing  hav­
ing  1 /8  inch  0,D, and 1/16 inch  I .D . The wall, th ickness was 1/32 i nch. 
This p i to t  tube i s  shown as F ig , 7 o f th i s  re p o r t .
I t  was decided to  see i f  the  p ressu re  transducer could be operated 
w ithout a p ressu re  c o n v erte r. The tran sd u ce r was placed a t  a s u f f ic ie n t  
e le v a tio n  above the  top  o f the flume so th a t  th e re  was no chance o f w ater 
being fo rced  up th e  p i  t o t  tube lead s  in to  the  tran sd u ce r, A t r i a l  run 
showed th a t  th i s  scheme worked b e a u t ifu l ly .  There was alm ost in s tan tan e ­
ous response to  *11 p ressu re  changes and th e re  was no d r i f t  due to  c a p il­
la r y  fo rce s  b u ild in g -u p .
A fter th e  new p i  t o t  tube was made and the  p ressu re  co n v erte r was 
e lim inated  from the  system , no f u r th e r  changes were made during  the  ex- 
perri.mental phase o f t h i s  p ro je c t,
T e s tr r p p e&Ke
Before each t e s t  run , the  flume was prepared by s p r in g in g  a le v e l  
bed approxim ately one inch  th ick  of th e  se lec te d  g rada tion  o f  sand onto 
the  bottom o f th e  flum e, C hristensen  had shown a n a ly tic a l ly  th a t  the
26
F ig , 6, P ream p lifie r U nit and Galvanometer
F ig . 7 . The P i t o t  Tube and P ressure Transducer
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shear s tr e s s  reqiiired  to  cause bed movement was Independent o f the  void 
r a t io  of the  bed m a te ria l. In  a d d itio n , he stud ied  the  in flu en ce  of stack­
ing  configu ra tions and was s t i l l  s a t i s f ie d  w ith  t h i s  conclusion . Therefore 
the  bed was always prepared in  a lo o se , sp rink led  s t a te .  The p re a n ^ lif ie r  
was balanced and the  t e s t  was s ta r te d .
Each run was s ta r te d  a t  minimam discharge and th e  d ischarge i n ­
creased  a f te r  each read ing . The f i r s t  read ing  fo r  each run  was taken w ith 
the  g ra in s  in  the lam inar o r t r a n s i t io n a l  range, then  a l l  succeeding read­
ings taken w ith  the g ra in s i n  th e  rough range. This change o f regime was 
f a i r l y  easy to  d e te c t .  When th e  flow was lam inar o r t r a n s i t io n a l ,  the  
read -ou t would be about h a lf  th e  value o f the  read -ou t i n  th e  rough regime. 
I t  does no t take an opera to r very  long to  le a m  to  p re d ic t  the  regime by 
the  magnitude o f the  read -o u t.
At each increm ent o f  d isch arg e , the  flume bed was c a re fu lly  watch­
ed fo r  bed movement. As soon as movement was d e te c ted , i t  was watched 
■vAiile i t  tra v e lle d  upstream u n t i l  i t  s ta b il iz e d  i t s e l f  a t  seme d is tan ce  
from the  o u t f a l l .  When s ta b i l iz a t io n  occurred , th e  p i  t o t  tube was lowered 
in to  the  flume and p ositioned  p a r a l le l  to  th e  lo n g itu d in a l ax is  o f the  
flume and ju s t  touchi.ng th e  bed . I t  was p ositioned  in  such a manne r  th a t  
the  dynamic p o rt was ju s t  upstream  from the  p o in t o f s ta b i l iz e d  movement. 
When the  p i  t o t  tube was p o s itio n e d , the  p ream p lifie r rea d -o u t was record­
ed from the galvanometer, and th e  p i  t o t  tube d is tan ce  from the  o u t f a l l  was 
recorded as w ell as the  w ater depth a t  th e  p o in t o f s ta b i l iz e d  motion.
The manometers were read and the  d ischarge  again in creased  a t  which time 
the  e n ti r e  cycle  was repeated .
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The d ischarge was increm en ta lly  increased  tm t i l  mazianm pump capac­
i t y  was ob tained . By th i s  time in s t a b i l i t y  of the  bed had progressed a 
considerab le  d is tan ce  upstream  and th e  downstream bed had alm ost completely 
eroded away.
A fter mazimam d ischarge was reached, the  w ater was turned  o ff  and 
the  bed re -f ix e d  fo r  the  nex t run .
Rons were continued on the  same f ra c tio n  o f sand u n t i l  the  in v e s ti ­
g a to r was convinced th a t  th e  read ings were c o n s is te n t and were being re ­
produced run a f te r  run . This u su a lly  occurred somewhere between the f i f t h  
and te n th  run .
A fter i t  was determined th a t  th e  readings were being reproduced re ­
l ia b ly ,  the  bed was c leared  o f  the  o ld  f ra c tio n  and a now f r a c t io n  was 
p laced  in  the  bed.
CHAPTER IV
ANALYSIS OF RESULTS
SlTBT^lAfMeatiQp of_ the  (jgngral Expression 
In  Chapter I I , a q u ite  form idable general exp ression  was develop­
ed fo r  the  t r a c t iv e  shear s t r e s s  when motion Impends on a sand p a r t i c le .
I t  was po in ted  ou t a t  th a t  tim e th a t  th i s  expression  would reduce to  a 
workable form.
F i r s t ,  l e t  us examine th e  g enera l expression  f o r  the  average velo­
c i ty ,  Eqn. 2 .1 4 . C hristenson (op. c l t . )  has shown th a t  h most lo g ic a l ly  
may be taken  as 0 .? l8 d  and th a t  k j  = d . S u b s titu tin g  th e se  re la tio n sh ip s  
In to  Eqn. 2 .14  and e v a lu a tin g , we f in d  th a t  Eqn. 2 .14 reduces to  the  form
Vave = 7.677^. (Eqn. 2.14a)
Now we may rew rite  Eqn. 2 .16 as follow s*
^  d  ( y, -  r )  & .
Experim ental In v e s tig a tio n s  by Dalton and Masch (4 .1 ) have shown 
th a t  w ith in  th e  range o f our In v e s tig a tio n s , th e  drag c o e f f ic ie n t ,  Cp, 
may be evaluated  as ranging between 1 .1  and 1 .4 . M orris (4 .2 ) suggested 
th a t  Cp fo r  spheres be taken as 1 .2  anH fo r  e l l i p t i c a l  (rice -shaped ) 
g ra in s  th a t  0 .5  be used .
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For otir quartz  sand l e t  u s take  Cp = 1 ,2  and fu r th e r  reduce Eqn,
2 .16.
f - ^Sl z S  ~ d ( ^ s ~  -
(Eqn, 2.16b)
Recognizing th a t
T /; y
we may s t i l l  fu r th e r  sim p lify  Eqn. 2 .16 , In  a d d itio n , when motion impends, 
^  becomes and we may w rite
T , + 3s : z a ( 3,Ti = - ^  c l .
Solving forT ^, we have
' (Eqn. 4 .1 )
where
o< P i
In  i t s  expanded form, we may w rite
_ 2____________ f /w /  + ^ a )____________ ^
‘ ® ~ 3  ( 3 6 . 2 6  A  C o / © + ^ 5  +
R eferring  again to  F ig . 1 we may assign  lo g ic a l  va lues to the
various moment arms. We know th a t  0\</w^£ l e t  us assig n  a value o î  Jlw=
We know-£^/^$£ ; 1 s t  us assig n  i t  a value o f - j .  We know th a t  b o th ^ an d
are  >/ »̂ For these  two v a lu e s , l e t  us assign  ^  . I f  th e  g ra in s  were pejv
f e e t  spheres, •© would be e x ac tly  30°. L et us use t h i s  v a lu e .
S u b s titu tin g  these  v a lu e s , we o b ta in
A  = 0.182.
An evaluation  o f the  c r i t i c a l  shearing s t r e s s  fo r  th e  four s iz e s
o f q u artz  sand, and fo r  th e  two s iz e s  o f gypsum sand i s  shown g rap h ica lly
as F ig . 8 o f  th is  r e p o r t ,  and in  ta b u la r  form as Table H .
Grain Size
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0.004243 0.062 0.110 0.030 0.045
0.001647 0.0241 0.0555 0.012 0.020
An in sp e c tio n  o f P ig . 8 w i l l  reveal th a t  the experim ental and 
th e o re tic a l  shear s t re s s e s  agree q u ite  w ell fo r  the  middle ranges o f 
g ra in  s iz e s ,  b u t tend to  d ev ia te  fo r  the  extreme s iz e s  a t  bo th  ends o f 
the range.
There i s  a lo g ic a l  exp lanation  fo r  th i s  occurrence. I t  was 
found th a t  i s  e r t r s a e ly  s e n s itiv e  to  small changes i n  the  values o f 
the  various moment arms. In  a d d itio n , since the g ra in s  a re  no t p e rfe c t
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Comparison w ith  Shields* Diagram 
In  F ig , 9 of th i s  re p o r t  i s  shown the " c la s s ic a l"  Shields* diagram 
w ith  the  r e s u l ts  of White (op, c l t , ) ,  Harp (op, c i t . )  and th e  author super­
imposed, A fter an in sp e c tio n  o f th i s  diagram, se v e ra l item s w i l l  be no ted :
1) The d a ta  o f a l l  in v e s tig a to rs  ezcep t Harp’ s tu rb u le n t 
values p lo t  w e ll above Shields* v a lu es ,
2) A ll d a ta , inc lud ing  Shields^ tend to  converge a t  high 
values o f d / g ' ,
3) All d a ta  tend to  slope down and to  the  r ig h t  ra th e r  than
"sag" as S hields in d ic a te s  th a t  i t  should.
4) A ll d a ta , ezcep t Shields^ tend  to  p lo t  as s t r a ig h t  l in e s .  
There has never been a good explanation  fo r  the  d e f in i te  "sag" in
Shields* diagram, However, as was po in ted  o u t i n  Chapter I  o f  th is  re p o r t .  
Sh ields assumed th a t  no a n a ly tic a l  so lu tio n  to  the  problem was p o ss ib le .
He made gross assum ptions, took d a ta , and changed h is  assumptions as neces­
sary  to  f i t  h is  conclusions,
Comparison w ith  W hite' s Data 
White made no a ttem pt to  draw curves through h is  d a ta . He merely 
p lo tte d  them on the Shields* diagram. I t  would be very  d lf f ic t^ - t  to  a t ­
tempt to  d u p lica te  h is  r e s u l t s  since he a r b i t r a r i ly  sp e c if ie d  "general bed 
movement," "1$ movement o f top  g ra in s ,"  and "very few g ra in s  move," These 
sp e c if ic a tio n s  would depend completel;,' on the  experimentors'^ Judgment,
Even w ith  these  l im ita t io n s . White’ s da ta  ex h ib ited  the  downward slope to  
the  r ig h t  and p lo tte d  above the  Shields* diagram. I n  ad d itio n . W hite’ s
IRPiLAMINAR O 
LAMINAR a u  
TURBULENTT
TURBULENT# WATER 8  SAND 
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OIL a  SANDS 
KEROSENE & SAND
o .  MOVEMENT BEGINS 
E f t
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value? tend to  converge w ith  a l l  o th er d a ta  a t  la rg e  values o f à . / ,
Comparison w ith  Harp;? Data 
Harp d id  draw curves through h is  d a ta  and the  curves d id  e x h ib it 
the  down slope to  the  r ig h t .  Harp* s tu i tu l e n t  values were the  only ones 
o f a l l  the  in v e s tig a to rs  th a t  p lo tte d  below the  Shields* diagram. The 
only explanation  f o r  th i s  th a t  the author can p re se n t, i s  th a t  Harp* s in ­
strum entation  could have been im properly c a lib ra te d  o r th a t  Harp’ s t e s t s  
were conducted i n  th e  t r a n s i t io n  range in s te a d  o f  in  the  tu rb u le n t range 
as he thought,
E toerim ental Equations 
I t  has p rev iously  been shown, Eqn, 4 ,1 , th a t  the  th e o re tic a l  eval­
u a tio n  fo r  the  c r i t i c a l  shear s t r e s s  i s
This i s  ex ac tly  the  same form th a t  White used . He gave h is  ev a l- 
n a tio n  as
The equations fo r  the  experim ental va lues o f Harp*s two curves are
(Eqn, 4 ,2 )
fo r  h is  lam inar t e s t s ,  and .
-T: = J  2 ) ( d / ^  ') (Eqn. if .3 )
fo r  h is  tu rb u le n t va lu es.
Since th e  au thors curves fo r  the  two types o f sand were ex ac tly  
p a r a l l e l ,  they d if fe re d  only by a co n stan t. The equation fo r  the  quartz  
sand i s  , ,
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and fo r  the  gypsum sand i s
(Eqn. 4 .5 )
The term , (d /j')  i s  no t the constan t th a t  theory t e l l s  us i t  should 
b e . I t  i s  noted th a t  the  exponent, k , i s  very  sm all fo r  both o f  H arp 's
curves and sm all fo r  bo th  the  au thor’ s curves. I f  k were extrem ely sm all,
or most d e s irab ly  equal to  zero , then (d/^') would be equal to  one, and the 
d esired  th e o re tic a l  r e s u l t  would be ex ac tly  dup lica ted  experim en tally . 
U nfortunately , th is  i s  no t the  case . Obviously the term (d/JO has an in ­
fluence on the  problem th a t  i s  no t a t  a l l  understood a t  the  p resen t devel­
opment s ta te  o f the  theo ry .
I t  i s  suspected th a t  th e re  e x is ts  some fa c to r  invo lv ing  the  in ­
fluence o r slope of the  energy grade l in e  th a t  i s  no t expressed in  the
th e o re tic a l  development. This aspec t i s  worthy of fu r th e r  d e ta ile d  study.
CHAPTER V
ETSCÜSSIQN, CCSÎCLUSIONS AND RECOMMENDATIONS 
mseusjgio.a
Based upon th e  th e o re tic a l  and experim ental r e s u l ts  o f  th i s  pro­
je c t ,  the  follow ing conclusions are  presented*
1) The P reston  shear technique i s  w ell adapted fo r  the  lab ­
o ra to ry  measurement o f c r i t i c a l  t r a c t iv e  shear s t re s s e s  
on cohesion less bed m a te r ia l.
2) I t  i s  im perative th a t  a l l  e le c tro n ic  equipment be in  
f i r s t - c l a s s  working o rder and p roperly  c a lib ra te d  before  
and during a ll  lab o ra to ry  t e s t  work. The importance of 
good q u a li ty ,  properly  c a lib ra te d  e le c tro n ic  equipment 
cannot be over-em phasized. Since most c i v i l  engineers 
only understand in  a genera l manner the in te r n a l  work­
in g s  o f  th e i r  e le c tro n ic  equipment, they are  u su a lly  un­
ab le  to  judge whether vo ltage  read -ou ts and o th e r  e lec ­
tro n ic  evaluations a re  su b je c t to  non-hydraulic e f fe c ts  
o r n o t. Furtherm ore, they do no t u su a lly  know what no r­
m al, and n a tu ra l v a r ia t io n s  may be expected from the 
equifsnent. T herefore, only i f  i t  i s  known th a t  the  equip­
ment i s  p roperly  ad ju sted  and c a lib ra te d , can they  accept 
e le c tro n ic  read -ou ts  w ith confidence, and accep t v a ria ­
t io n s  as being so le ly  due to  hydrau lic  v a r ia t io n s .
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3) I t  i s  e s s e n t ia l  th a t  the  p i t o t  tube have a s u f f ic ie n t ly  
la rg e  b o re . This i s  necessary  to  p revent the  form ation 
of extraneous c a p il la ry  ten s io n  fo rces which are  capable 
o f com pletely d isg u is in g  th e  very  sm all changes in  p res­
sure th a t  are  being measured. I t  i s  a lso  d e s ira b le  fo r  
m echanical opera ting  purposes to  co n s tru c t the  p i to t  
tube w ith  as sm all a w a ll th ick n ess  as a v a ila b le  m a te r ia l 
w i l l  p e rm it,
4) The use o f  the  Shields» diagram as the  standard  b a s is  o f 
comparison i s  sinçjly n o t j u s t i f i a b l e .  The "sag" shape 
does n o t c o r re la te  w ith  th re e  independent in v e s tig a t io n s . 
Since Shields» work was e x tra p o la ted  from th e  bed-load 
tra n s p o rt  curve to  the  time th a t  bed-load ceases , h is  pro­
cedure could e a s i ly  y ie ld  va lues th a t  were e r r a t ic  due to  
th e  very  na tu re  o f  th e  bed-load  tra n s p o rt  cu rve . In  add­
i t i o n ,  the  axes o f th e  Shields» diagram are'C/z^f^ and d/,T» 
While th ese  param eters a re  d im ensionless and seemingly 
c o r r e c t ,  i t  should be noted th a t  one a c tu a lly  p lo ts  
a g a in s t
5) I t  i s  very  d i f f i c u l t  to  t r y  to  c o rre la te  lab o ra to ry  r e s u l t s  
w ith  those o f  W hite. As has been po in ted  o u t. White p lo t-  
ed values ob tained  under th e  cond itions o f  "genera l bed 
movement," "1$ movement o f top  g ra in s ,"  "very  few g ra in s  
move," e tc .
6) Christensen» s v e lo c ity  -d is tr ib u tio n  formulae y ie ld  v a lid
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r e s u l ts  a t  and near the  boundary. In  a d d itio n , h is  veloc­
i t y  re la tio n sh ip s  a re  th e  only ones known to  have th is  
p ro p erty .
7) “Hie co n stan t term , (5 , appearing in  Eqn. 4 .1 , i s  extreme­
ly  se n s it iv e  to  very sm all changes i n  moment arm v a lu es .
8) The angle of in c l in a t io n ,  -Ô-, of the  normal fo rce  to  the
v e r t i c a l  th e o re tic a l ly  should be a c o n s tan t, and fo r  uni­
form g ra in -s iz e s , should be equal to  30°. However, i t  i s  
f e l t  th a t  th i s  i s  n o t t ru e , p a r t ic u la r ly  i f  the g ra in s  s ize  
d e v ia te s  appreciab ly  from uniform , and/or i f  the g ra in - 
shape dev ia tes app reciab ly  from spherical*
Conclusions
A th e o re t ic a l  formula has been developed which d esc rib es  the  c r i t ­
i c a l  t r a c t iv e  shear s t r e s s  developed on cohesion less bed m a te r ia l i n  the  
rough range o f  flow . This th e o re tic a l  value compares q u a l i ta t iv e ly  w ith  
experim ental r e s u l t s .  The maximum d ev ia tio n  between experim ental va lues 
and th e o re t ic a l  va lues o f w a s  0 .2  p s f  over a range o f g ra in  s iz e s  o f 
0*0235 f t  to  0.001647 f t  and t h i s  maximum d ev ia tio n  oecxîrred a t  ttie end 
p o in t where d equals 0.0235 f t .
Recommendations
As an a id  to  fu tu re  in v e s tig a to r s ,  the  follow ing recommendations 
are  p resen ted , which i t  i s  hoped, w i l l  smooth th e i r  work and a lso  suggest 
a reas i n  which much more work i s  needed b efo re  we can f u l ly  understand the 
t o t a l  problem o f c r i t i c a l  t r a c t iv e  shear s t r e s s e s .
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1) A much b e t te r  method o f evaluating  the  moment arms 
assoc ia ted  w ith  the  various fo rces in  th e  problem i s  
needed.
2) Work needs to  be done on determ ining i f  and how the 
a n g le -9-v a r ie s ,  and i f  i t  i s  found th a t  i t  does, in  
f a c t ,  vary ; then some method o f detenning th i s  value 
i s  needed.
3) The problem o f determ ining exac tly  where the  c r i t i c a l  
t r a c tiv e  shearing s t r e s s  a c tu a lly  occurs has never been 
p roperly  defined . At p resen t i t  i s  an "eng ineers judg­
ment" type problem and i t  i s  suspected th a t  no two i n ­
v e s tig a to rs  would s e le c t  ex ac tly  the  same p lace to  mea­
sure th is  phenomenon.
h-) A ll published  work to  date  has been done i n  channels 
w ith  f l a t  beds. I t  i s  suggested th a t  work be done u t i ­
l iz in g  channels w ith  s lo p es. C hristensen has done some 
th e o re tic a l  ev a lu a tio n  in  th i s  a re a .
5) A ll previous in v e s tig a to rs  have a tte n ç te d  to  e lim inate  
o r g re a tly  reduce bo th  lo c a l  and gross tu rb u len ce . I t  
i s  suggested th a t  the  in fluence  o f both  lo c a l  and gross 
turbulence be s tu d ied  bo th  a n a ly tic a lly  and experim ent­
a l ly .
6) No published s tu d ie s  o f the  in flu en ce  o f dunes and r ip ­
p les  on the  problem i s  known. This i s  another area th a t  
needs in v e s tig a tio n .
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7) In  a l l  s tu d ie s  to  d a te , the  in v e s tig a to rs  have used very 
uniform cohesion less b ed -m ate ria l. Work needs to  be done 
using  w ell-graded cohesionless b ed -m ate ria l. Any s tu d ies  
in  which cohesive bed -m ateria ls  a re  u t i l i s e d  would, in ­
deed be form idable, and perhaps iBçjossible to  accoaç lish , 
b u t, of course, t h i s  work w il l  u ltim a te ly  have to  be done 
before  we can have a complete understanding o f  the  pro­
blem.
Summary
Over the  years much p rogress has been made in  understanding the  phe­
nomenon o f c r i t i c a l  t r a c t iv e  shear s t r e s s e s .  The door was re a l l y  opened 
in  the  1950»s w ith the  development o f  P re s to n 's  shear techn ique.
Methods have now been developed fo r  the  a n a ly tic a l  evaluation  o f 
wie v e lo c ity  d is t r ib u t io n  a t  and near the  boundary=
A th e o re tic a l  ev a lu a tio n  o f c r i t i c a l  t r a c t iv e  shear s tre s s e s  has 
been p resen ted . Laboratory measurements o f these  s tr e s s e s  were made u t i ­
l iz in g  the  P reston  techn ique, A comparison of th e o re t ic a l  and experim ental 
values was made and f a i r l y  good agreement was ob tained . The maximum devi­
a tio n  of experim ental va lues of from the th e o re tic a l  va lues was 0 ,2  p sf 
over the  range 0,0235 ) d ^ 0.00164? f t .  This maximum d ev ia tio n  occurred 
a t  the  end p o in t idiere d equals 0,0235 f t .
The experim ental va lues obtained  were compared w ith  the  r e s u l ts  of 
o th e r in v e s tig a to rs  who had used s im ila r  and very d i f f e r e n t  lab o ra to ry  
techn iques. The q u a li ta t iv e  couparison was q u its  accep tab le . Over the
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range o f 2 6 d/g' \  60 , the  maxiaram d é v ia tio n  of the  experim ental values 
o f ^^4Îfobtained in  th is  p ro je c t  ■with those ob tained  by Harp was 0 .4  oc­
c u rrin g  a t  "bhe end p o in t idiore s '  equals 2 . The maximum de-viation o f 
th e  va lues obtained  in  th is  p ro je c t  w ith  those ob tained  by "White was 0 ,3  
occurring  a t  "the end p o in t "sriiere d / s '  equals 2 ,
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Rtm Water D ischarge, V e loc ity , P it o t  Tube
No, Teaq) °F Q, c fs  Vcr, f t / s e c  ^  p , Ib /in ^ x  10
No, 4 Quartz Sand -  k^= 0,0235 f t  = d,
1 49 0,393 1 .45  3.52
2 49 0,544 1 ,65  3.30
3 49 0.269  1 ,35 2,30
4 49 0,315  1 .46  2,80
5 49 0,351  1 .4 3  3.50
6 49 0.336  1 ,6 2  3 ,44
No, 10 Quartz Sand -  1^= 0,001108 f t  = d ,
7 44 0.260  1 ,44  3.64
8 44 0,364 1 ,3 8  3.10
9 45 0,221 1 ,10 3.02
10 45 0,265  1 .27 3 .26
11 46 0.218  1 ,1 3  2,88
No, 20 Quartz Sand -  k^= 0,004243 f t  = d ,
12 44 0,238  0 .9 1  2,17
13 51 0.223  0 .77 4 ,50
14 52 0,227  0 ,89  2 ,84
15 46 0,246 0 ,83  3.08
16 42 0.238  0 ,8 6  2 ,59
17 42 0,237 0,87 3.10
18 43 0,248 0 .90  2,78
19 43 0,248 0.93 1.95
20 49 0.216 0,83  2,78
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TABLE ITT -  continued
Ron Water D ischarge, V elocity , P i to t  Tube
«0 . Ts2ç> °F Q« c fs  Vcr, f t / s e c  ^  p , I h / h t x  10
No, 20 Gypsum Sand -  k^= 0,004243 f t  = d ,
21 51 0.253 0 .85 3.00
22 52 0.242 0 .88  2 .54
23 52 0.257 0.75 3.12
24 53 0.209 0.85 2.68
25 53 0.246 0.69 3.38
26 53 0.229 0.81 3.10
No. 40 Quartz Sand -  kg= 0.001647 = d.
27 50 0.217 0 .85 2.78
28 50 0.249 0.77 3.32
29 50 0.252  0 .80  2 .12
30 50 0.215  0 .83 2.88
31 51 0.224 0 .85 2.88
32 51 0.222  0 ,83  2.80
33 51 0.275  0=80 3.16
No. 40 Gypsum Sand -  k^= 0.001647 = d .
34 52 0.221  0 .84  2.62
35 52 0.210  0 .8 1  2.60
36 52 0.210 0 .84  3.04
37 52 0.186 0.73 2.48
38 52 0.205  0 .82 3.14
39 52 0.233  0 .84 2.92
40 52 0.233  0.80  3.18
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TABLE IV
EXPERIMENTAL DATA (IN SHIELDS* DIAGRAM FORM)
Sand Sand ^  .
S ize , f t  Typo p s f
0.0235 Quartz 0,233 0.0976 49 .1
0.01108 Quartz 0.190 O .I69 18.8
0.004243 Quartz 0.104 0.2415 5.41
0 . 00164? Quartz 0 .054 0.322 I .6 8 5
0.004243 Gypsum 0.11 0.322 6.375
0.001647 Gypsum 0.0555 0.418 l .?6
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A Proof o f The Convergence 
o f The S e ries  Terms o f Equation 2.14
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A PROOF OF THE CONVERGENCE 
OF THE SERIES TERMS OF EQUATION 2 .14
The s e r ie s  terms o f  Eqn. 2 .14  a re :
t f a  A to .oô3ëKi)-^  £ f F T T T ô T o s j s l ^ (zk-fo.o338i^)'>-'"J'
Since 2h + 0.0338Kg w i l l  always be la rg e r  than  d , the  s e r ie s  ex­
pansion converges q u ite  ra p id ly . This can be shown as fo llow s. Let
( z h  1 - 0 . ^ 3  3 3  K ^ )  ~  < ' ■
Then the  s e r ie s  can be w ritte n
-t  = T _ K c r
Ĉ l
where = c o e f f ic ie n t  developed in  th e  gamma so lu tio n , and Kĵ < 1 .
Now the  geometric s e r ie s  may be w r it te n
5 =  £  r ‘
iriiere each r ^ (  1 .
The geometric s c r ie s  i s  a standard convergent s e r ie s ,  and upon 
term -by-term  comparisor .«ath our s e r ie s ,  i t  i s  seen th a t  the  geometric 
s e r ie s  dominates our s e r ie s .  T herefore, our s e r ie s  converges by compar­
iso n .
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A METHOD OF CALCULATING THE NUMBER 
OF TERMS REQUIRED IN 3HE SERIES TO PRODUCE 
AN ERROR TERM THAT IS LESS THAN ANY ASSIGNED ERROR
Any u se r o f S in . 2 .14  would be in te re s te d  i n  knowing how many 
terms of the  i n f in i t e  s e r ie s  a re  requ ired  to  keep the  e r ro r  produced by 
term ination  w ith in  acceptab le  l im i t s .  The number o f  terms may be calcu­
la te d  as fo llo w s:
Rewriting the  geometric s e r ie s ,  we have 
5  = r ' + r ^ +  —  -h ^  y
where oo
X  r ‘ =
the  remainder a f te r  n term s. This remainder may be w ritte n  
Rewriting our s e r ie s ,  we have ^




the  remainder a f te r  n tsrrms.
Now R^^ Rg since
Kc <  r   ̂ f o r  c / / /  c / n a  R s - f ^ - r  ^
Since the  geometric s e r ie s  i s  a known convergent s e r ie s ,  i t  has 
th e  property  th a t  given an 'E > 0, (f ix e d , b u t a rb i t r a r y ) ,  th e re  e x is ts  an 
N such th a t  when
Rg = js-SN ^-idien N<n ,
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Let €1 be the maximum perm issib le  e r ro r .  Then th e  number of terms 
needed i n  the s e r ie s  p o rtio n  o f Eqn. 2.14 to  guarantee th a t  term inating  
the  s e r ie s  w i l l  no t produce an e r ro r  g re a te r  th an -6 , may be c a lcu la te d  as 
follow s»
r>lnr < l n E e C - i ' ) J -  *3  
and f in a l ly ,  , ,
^ /  In r
Thus, i n  the  geom etric s e r ie s ,  any term ina tion  a f t e r  the in te g ra l  
number o f terms g re a te r  than  the  c a lcu la te d  N, w i l l  generate  an e iro r  le s s  
than  the  maximum perm issib le  e r ro r .
Since cu r remainder i s  le s s  than the corresponding remainder in  
the  geometric s e r ie s  a f t e r  n  term s, our e rro r  w i l l  be le s s  than "üie e r ro r  
generated by term inating  the  geom etric s e r ie s  a f te r  n term s.
